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Abstract
Particle Swarm Optimization (PSO) is attracting an ever-growing
attention and more than ever it has found many application areas for
many challenging optimization problems. In this paper, we draw the
focus on a major drawback of the PSO algorithm: the poor gbest
update. This can be a severe problem, which causes pre-mature
convergence to local optima since gbest as the common term in the
update equation of all particles, is the primary guide of the swarm.
Therefore, we basically seek a solution for the social problem in PSO,
i.e. “Who will guide the guide?” which resembles the rhetoric
question posed by Plato in his famous work on government: “Who
will guard the guards?” (Quis custodiet ipsos custodes?). Stochastic
approximation (SA) is purposefully adapted into two approaches to
guide (or drive) the gbest particle (with simultaneous perturbation)
towards the right direction with the gradient estimate of the
underlying surface (or function) whilst avoiding local traps due to its
stochastic nature. We purposefully used simultaneous perturbation SA
(SPSA) for its low cost and since SPSA is applied only to the gbest
(not the entire swarm), both approaches have thus a negligible
overhead cost over the entire PSO process. Yet we have shown over a
wide range of non-linear functions that both approaches significantly
improve the performance of PSO especially if the parameters of SPSA
suits to the problem in hand.

1. Introduction
In the problem of finding a root

θ*

(either minimum or
maximum point) of the gradient equation: g (θ ) ≡ ∂L(θ ) = 0 for
∂θ
some differentiable function L : R p → R1 , when g is present and
L is a uni-modal function, there are powerful deterministic
methods for finding the global θ such as traditional steepest
descent and Newton-Raphson methods. However, in many real
problems g cannot be observed directly and/or L is in multi-modal
nature, which presents many deceiving local optima. This brought
the era of the stochastic optimization algorithms, which can
estimate the gradient and may avoid being trapped into a local
optimum due to their stochastic nature. One of the most popular
stochastic optimization techniques is stochastic approximation
(SA), in particular the form that is called “gradient free” SA.
Among many SA variants proposed by several researchers such as
*

1

Styblinski and Tang [19], Kushner [13], Gelfand and Mitter [7],
and Chin [4], the one and somewhat different SA application is
called simultaneous perturbation SA (SPSA) proposed by Spall in
1992 [17]. The main advantage of SPSA is that it often achieves a
much more economical operation in terms of loss function
evaluations, which are usually the most computationally intensive
part of an optimization process.
The particle swarm optimization (PSO) was introduced by
Kennedy and Eberhart [10] in 1995 as a population based
stochastic search and optimization process. It is originated from
the computer simulation of the individuals (particles or living
organisms) in a bird flock or fish school [21], which basically
show a natural behavior when they search for some target (e.g.
food). Henceforth, PSO exhibits certain similarities with the other
evolutionary algorithms (EAs) [2] such as Genetic Algorithm
(GA) [8], Genetic Programming (GP) [12], Evolution Strategies
(ES), [3] and Evolutionary Programming (EP), [6]. The common
point of all is that EAs are in population based nature and they
can avoid being trapped in a local optimum. Thus they can find
the optimum solutions; however, this is never guaranteed. In a
PSO process, a swarm of particles (or agents), each of which
represent a potential solution to an optimization problem, navigate
through the search (or solution) space. One major drawback of
PSO occurs due to the direct link of the information flow between
particles and gbest, which then “guides” the rest of the swarm and
thus resulting in the creation of similar particles with some loss of
diversity. Hence this phenomenon increases the probability of
being trapped in local optima [15] and it is the main cause of the
premature convergence problem especially when the search space
is of high dimensions [20] and the problem to be optimized is
multi-modal [15]. This makes it clear that at any iteration of a
PSO process, gbest is the most important particle; however, it has
the poorest update equation, i.e. when a particle becomes gbest, it
resides on its personal best position (pbest) and thus both social
and cognitive components are nullified in the velocity update
equation. Although it guides the swarm during the following
iterations, ironically it lacks the necessary guidance to do so
effectively. In that, if gbest is (likely to get) trapped in a local
optimum, so the rest of the swarm due to the aforementioned
direct link of information flow. This deficiency has been raised in
a recent work [11] where an artificial GB particle, the aGB, is
created at each iteration as an alternative to gbest, and replaces
the native gbest particle as long as it achieves a better fitness
score. In this study, it has been shown that such an enhanced
guidance alone is indeed sufficient to achieve an outstanding
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global convergence performance on multimodal functions and
even on high dimensions. However, the underlying mechanism
for creating the aGB particle, the so-called fractional GB
formation (FGBF), is not generic, rather problem dependent,
which requires (the estimate of) individual dimensional fitness
scores. This may be quite hard or infeasible for certain problems.
In order to address this drawback efficiently and in a generic
way, in this paper we shall propose two approaches, one of which
moves gbest efficiently or simply put, guides it with respect to the
function (or error surface). The idea behind is quite simple: since
the velocity update equation of gbest is quite poor, SPSA as a
simple yet powerful search technique is used to drive it instead.
Due to its stochastic nature the probability of getting trapped into
a local optimum is further diminished and with the SA, gbest is
moved according to (approximation of) the gradient of the
function. The second approach has a similar motivation with the
FGBF proposed in [11], i.e., an aGB particle is created by SPSA
this time, which is applied over the personal best (pbest) position
of the gbest particle. The aGB particle will then guide the swarm
instead of gbest if and only if it achieves a better fitness score
than the (personal best position of) gbest. Note that both
approaches only deal with the gbest particle and hence the
internal PSO process remains as is. In that sense neither proposed
approach is a PSO variant; rather a generic cure for the problem
of the original PSO caused by poor gbest update. Furthermore, we
shall demonstrate that they have a negligible cost, e.g. only few
percent increase of the computational complexity that can be
easily compensated with a slight reduction either on the swarm
size or on the iteration number. Both approaches of SA-driven
PSO (SAD PSO) will be tested and evaluated against the basic
PSO (bPSO) over several benchmark uni- and multi-modal
functions in high dimensions.

⎧⎪ y (t ) if f ( x a (t + 1)) > f ( y a (t ))⎫⎪
y a , j (t + 1) = ⎨ a , j
⎬ ∀j ∈ [1, N ]
else
⎪⎭
⎪⎩ x a , j (t + 1)

(1)

Since gbest is the index of the GB particle, then

yˆ (t ) = y gbest (t ) = arg min ( f ( yi (t ))) . Then for each iteration
∀i∈[1, S ]

in a PSO process, positional updates are performed for each
particle,
and
along
each
dimensional
a ∈ [1, S ]
component, j ∈[1, N] , as follows:
v a , j (t + 1) = w(t ) v a , j (t ) +

(

)

(

c1 r1, j (t ) y a , j (t ) − x a , j (t ) + c 2 r2 , j (t ) yˆ j (t ) − x a , j (t )
x a , j (t + 1) = x a , j (t ) + v a , j (t + 1)

)

(2)

where w is the inertia weight, [16] and c1 , c2 are the
acceleration constants which are usually set to 1.49 or 2.
r1, j ~ U (0,1) and r2, j ~ U (0,1) are random variables with a
uniform distribution. Recall from the earlier discussion that the
first term in the summation is the memory term, which represents
the contribution of previous velocity, the second term is the
cognitive component, which represents the particle’s own
experience and the third term is the social component through
which the particle is “guided” by the gbest particle towards the
GB solution so far obtained. Although the use of inertia weight,
w, was later added by Shi and Eberhart [16], into the velocity
update equation, it is widely accepted as the basic form of PSO
algorithm. Due to space limitations, the general pseudo-code of
the bPSO is skipped in this paper.

3. The Proposed Technique: SAD PSO

2. The Basic PSO algorithm
In the basic PSO method, (bPSO), a swarm of particles flies
through an N-dimensional search space where the position of each
particle represents a potential solution to the optimization
problem. Each particle a in the swarm with S particles,
is represented by the following
ξ = {x1,..,xa ,..,xS },
characteristics:

x a , j (t ) : jth dimensional component of the position of particle
a, at time t

v a , j (t ) :

jth dimensional component of the velocity of particle

a, at time t

y a , j (t ) :

jth dimensional component of the personal best

(pbest) position of particle a, at time t

yˆ j (t ) :

jth dimensional component of the global best position

of swarm, at time t
Let f denote the fitness function to be optimized. Without loss
of generality assume that the objective is to find the minimum of f
in N dimensional space. Then the personal best of particle a can
be updated in iteration t+1 as,

3.1. SPSA Overview
The goal of the deterministic optimization methods is to
minimize a loss function L : R p → R1 , which is a differentiable
function of θ and the minimum (or maximum) point θ
corresponds to zero-gradient point, i.e.
∂L(θ )
=0
g (θ ) ≡
(3)
∂θ θ = θ *
As mentioned earlier, in cases where more than one point
satisfies this equation (e.g. a multi-modal problem), then such
algorithms may only converge to a local minimum. Moreover, in
many practical problems, g is not readily available. This makes
the SA algorithms quite popular and they are in the general SA
form:
*
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)

)

)

θ k +1 = θ k − ak g k (θ k )

(4)

) )
where g k (θ k ) is the estimate of the gradient g (θ ) at iteration
k and

ak is a scalar gain sequence satisfying certain conditions

[17]. There are two common SA methods: finite difference SA
(FDSA) and simultaneous perturbation SA (SPSA). FDSA adopts
the traditional Kiefer-Wolfowitz approach to approximate
gradient vectors as a vector of p partial derivatives where p is the
dimension of the loss function. On the other hand, SPSA has all
elements of

)

θ k perturbed

simultaneously using only two

)

gradient ( g) k (θ k ) ) is estimated in step 3.4.1.4, then the next
)
(updated) location of the gbest will be: xa (t + 1) = θ k +1 . Note that
the difference of this “low-cost” SPSA update is that xa (t + 1) is

measurements of the loss function as,
⎡Δ ⎤
⎢ ⎥
⎢Δ ⎥
)
)
)
L(θ k + ck Δ k ) − L(θ k − ck Δ k ) ⎢ . ⎥
)
g k (θ k ) =
⎢ ⎥
2c k
⎢ . ⎥
⎢ . ⎥
⎢ −1 ⎥
⎣⎢ Δ kp ⎦⎥
−1
k1
−1
k2

(5)

A2) Second SAD PSO approach: aGB formation by SPSA

where the p-dimensional random variable
chosen as Bernoulli

± 1 distribution

and

ck

updated (estimated) not from xa (t ) , instead from xa (t ) − ck Δ k .

Δ k is

usually

is a scalar gain

sequence satisfying certain conditions [17]. Spall in [17] presents

)

conditions for convergence of SPSA (i.e. θ k → θ * ) and show
that under certain conditions both SPSA and FDSA have the same
convergence ability –yet SPSA needs only 2 measurements
whereas FDSA needs 2p. This makes SPSA our natural choice for
driving gbest in both approaches. SPSA has 5 parameters. Spall in
[18] recommended to use values for A (the stability constant), α ,
and γ as 60, 0.602 and 0.101, respectively. However, he also
concluded that “the choice of both gain sequences is critical to
the performance of the SPSA as with all stochastic optimization
algorithms and the choice of their respective algorithm
coefficients”. This especially makes the choice of gain parameters
a and c critical for a particular problem. i.e. Maryak and Chin in
[14] varied them with respect to the problem whilst keeping the
other three (A, α , and γ ) as recommended.

The second approach replaces the FGBF operation proposed in
[11] with the SPSA to create an aGB particle. SPSA is basically
applied over the pbest position of the gbest particle. The aGB
particle will then guide the swarm instead of gbest if and only if it
achieves a better fitness score than the (personal best position of)
gbest. SAD PSO pseudo-code as given in Table 1 can then be
plugged in between steps 3.3 and 3.4 of bPSO’s pseudo-code.
Note that in this approach, there are three extra fitness evaluations
(as opposed to two in the first one) at each iteration. Yet as in the
first approach, it is possible to further diminish the cost of SAD
PSO by one (from three to two fitness evaluations per iteration).
Let

)

)

θ k + ck Δ k = yˆ (t ) in step 2 and thus L(θ k + ck Δ k ) is known

a priori. Then it follows the same analogy as before and the only
difference is that the aGB particle is formed not from
)
)
θ k = yˆ (t ) but from θ k = yˆ (t ) − ck Δ k .

Table 1: PSO Plug-in for the second approach
A2) SAD PSO Plug-in ( ξ , a, c, A, α ,

γ

{xaGB (t + 1), yaGB (t + 1)}

3.2. SAD PSO

1.

Create a new aGB particle,

As mentioned earlier, in this work two distinct SAD PSO
approaches are proposed, each of which is only applied on the
gbest whilst keeping the internal PSO process intact. Since both
SPSA and PSO are iterative processes, in both approaches SPSA
can thus easily be integrated into PSO by using the same iteration
count (i.e. t ≡ k ). The following sub-sections will detail each
approach.

2.

Let k=t,

3.

Let a k = a /( A + k )α and

4.

Compute L (θ k + ck Δ k ) and L(θ k − ck Δ k )

A1) First SAD PSO approach: gbest update by SPSA
In this approach, at each iteration gbest particle is updated
using SPSA. This requires the adaptation of the SPSA elements
(parameters and variables) and integration of the internal SPSA
part (within the loop) appropriately into the PSO pseudo-code.
Due to space limitations, we have to skip the pseudo code details
of this approach. Note that such a “plug-in” approach will not
change the internal PSO structure and only affects the gbest
particle’s movement. It only costs two extra function evaluations
and hence at each iteration the total number of evaluations is
increased from S to S+2 (recall that S is the swarm size).
Since the fitness of each particle’s current position is computed
within the PSO process, it is possible to further diminish this cost
to only one extra fitness evaluation per iteration. Let
)
)
θ k + ck Δ k = xa (t ) in step 3.4.1.1. and thus L(θ k + ck Δ k ) is

)

known a priori. Then naturally, θ k − ck Δ k = xa (t ) − 2ck Δ k ,
which is the only (new) location where the (extra) fitness

)

evaluation ( L(θ k − ck Δ k ) ) has to be computed. Once the

)

)

θ k = yˆ (t ) and L=f
)

ck = c / k γ
)

5.

)
Compute g) k (θ k ) using Eq. (5)

6.

Compute xaGB (t ) = θ k +1 using Eq. (4)

7.

Compute f ( xaGB (t + 1)) = L(θ k +1 )

8.

If ( f ( xaGB (t + 1)) < f ( y aGB (t )) ) then

)

)

yaGB (t + 1) = xaGB (t + 1)
9.

Else y aGB (t + 1) = y aGB (t )

10. If ( f ( y aGB (t + 1)) < f ( yˆ (t )) then yˆ (t ) = y aGB (t + 1)

4. Experimental Results
We used 5 benchmark functions, which are given in Table 2 to
provide a good mixture of complexity and modality and have
been widely studied by several researchers, e.g. see [1], [5], and
[16]. Sphere and Rosenbrock are the uni-modal functions and the
rest are multi-modal, meaning that they have many deceiving
local minima. On the macroscopic level Griewank demonstrates
certain similarities with uni-modal functions especially when the
dimensionality is above 20; however, in low dimensions it bears a

the swarm size, S=40, and w is linearly decreased from 0.9 to 0.2.
We used the recommended values for A, α , and γ as 60, 0.602
and 0.101 as well as set a and c to 1 that are fixed for all
functions. We purposefully made no parameter tuning for SPSA
since this may not be feasible for many practical applications,
particularly the ones where the underlying fitness (error) surface
is unknown. In order to make a fair comparison among SPSA,
bPSO and SAD-PSO, the number of evaluations is kept equal (so
S=38 and S=37 are used for both SAD PSO approaches and the
number of evaluations is set to 40x10000 = 4e+5 for SPSA).

significant noise, which creates many local minima due to the
second multiplication term with cosine components.
Both approaches of the proposed SAD PSO along with the
“low cost” application are tested over 5 benchmark functions
given in Table 2 and compared with the bPSO and stand-alone
SPSA application. We used the same termination criteria as the
combination of the maximum number of iterations allowed
(iterNo = 10000) and the cut-off error ( ε C

= 10−4 ).

We used

three dimensions (20, 50 and 80) for the sample functions in order
to test the performance of each technique in such varying
dimensions individually. For PSO (bPSO and SAD PSO) we used

Table 2: Benchmark functions with dimensional bias

Function

Formula
⎛
⎞
F1 ( x , d ) = ⎜ ∑ x i2 ⎟
⎝ i =1
⎠

Range

Dim. Set: d}

[-150, 75]

20, 50, 80

[-50, 25]

20, 50, 80

[-500, 250]

20, 50, 80

[-500, 250]

20, 50, 80

[-500, 250]

20, 50, 80

d

Sphere

⎛ d
⎞
Rosenbrock F2 ( x, d ) = ⎜ ∑ 100 ( xi +1 − xi2 ) 2 + ( xi − 1) 2 ⎟
⎝ i =1
⎠
Rastrigin

Griewank
Giunta

⎛ d
⎞
F3 ( x, d ) = ⎜ ∑10 + xi2 − 10Cos(2πxi ) ⎟
⎝ i=1
⎠
d
d
⎛ 1
⎛ xi ⎞
⎟⎟
F4 ( x , d ) = ⎜⎜
x i2 − ∏ Cos ⎜⎜
∑
i =1
⎝ i +1⎠
⎝ 4000 i =1

⎞
⎟
⎟
⎠

⎛d
⎛16
⎞
⎛16
⎞ 1
⎛ 16
⎞ 268 ⎞
F5 (x, d ) = ⎜⎜ ∑Sin ⎜ xi −1⎟ + Sin 2 ⎜ xi −1⎟ + Sin ⎜ 4 ( xi −1)⎟ +
⎟⎟
⎝15
⎠
⎝15
⎠ 50 ⎝ 15
⎠ 1000⎠
⎝ i=1

For each setting (for each function and each dimension), 100
runs are performed and the 1st and 2nd order statistics (mean, μ
and standard deviation, σ) of the fitness scores are presented in
Table 3 whilst the best statistics are highlighted. During each
run, the operation terminates when the fitness score drops below
the cut-off error ( ε C = 10−4 ) and it is assumed that the global

the vice versa is also true, that is, SAD PSO, which internally
runs SPSA for gbest achieves better performance than the SPSA
alone, even though when PSO’s performance is limited.

minimum of the function is reached, henceforth; the score is set
to 0. Therefore, for any setting yielding μ=0 as the average score
means that the method converges to the global minimum at every
run. As the entire statistics in the right side of Table 3 indicate,
either SAD PSO approach achieves a superior performance over
all functions regardless of the dimension, modality, and without
any exception. In other words, SAD PSO always works better
than the best of bPSO and SPSA even though either of them does
not perform well for a particular function. Note especially that if
SPSA performs well enough (meaning that the setting of the
critical parameters, e.g. a and c is appropriate), then a significant
performance improvement can be achieved by SAD PSO, i.e. see
for instance De Jong, Rosenbrock and Schwefel. On the other
hand, if SPSA does not perform well, even much worse than any
other technique, SAD PSO still surpasses bPSO up to some
certain degrees, i.e. see Giunta and particularly Griewank for
d=50 where SAD PSO can still converge to the global optimum
(μ=0) although SPSA performance is rather bad. This basically
supports our aforementioned claim, i.e. the PSO update for gbest
is so poor that even an under-performing SPSA implementation
can still improve the overall performance significantly. Note that

In this paper we have basically proposed two SAD PSO
approaches that SPSA is explicitly used. The first approach
replaces the PSO update of gbest with the SPSA whereas the
second one forms an alternative (or artificial) GB particle (the
aGB), which can replace gbest if it proves its superiority. Both
SAD PSO approaches are tested over seven non-linear functions
and the experimental results demonstrated that they achieved a
superior performance over all functions regardless of the
dimension, modality, and without any exception. Especially if
the setting of the critical parameters, e.g. a and c is appropriate,
then a significant performance gain can be achieved by SAD
PSO. If not, SAD PSO still surpasses bPSO by some certain
magnitudes. This basically shows that SPSA, even without
proper parameter setting still performs better than the PSO’s
native gbest update. The complexity overhead in SAD PSO is
negligible, i.e. only two (or three in the second approach) extra
fitness evaluation per iteration and with the proposed low-cost
mode, it is further reduced by one. The experimental results
show that the low-cost mode does not cause a noticeable
performance loss; on contrary, it occasionally may perform even
better.

5. Conclusions

Table 3: Statistical results from 100 runs over 5 benchmark functions

Functions
Sphere

Rosenbrock

Rastrigin

Griewank

Giunta

bPSO

SPSA

SAD PSO (A2)

SAD PSO (A1)

d

μ

σ

μ

σ

μ

σ

μ

σ

20

0

0

0

0

0

0

0

0

50

0

0

0

0

0

0

0

0

80

0

0

135.272

276.185

0

0

0

0

20

1.14422

0.2692

1.26462

0.4382

1.29941

0.4658

0.4089

0.2130

50

3.5942

0.7485

15.9053

5.21491

12.35141

2.67731

2.5472

0.3696

80

5.3928

0.7961

170.9547

231.9113

28.1527

5.1699

5.2919

0.8177

20

204.9169

51.2863

0.0429

0.0383

0.0383

0.0369

0.0326

0.0300

50

513.3888

75.7015

0.0528

0.0688

0.0381

0.0436

0.0353

0.0503

80

832.9218

102.1792

0.7943

0.9517

0.2363

0.6552

0.1240

0.1694

20

0

0

0

0

0

0

0

0

50

1.0631e+007

3.3726e+006

50.7317

191.1558

0

0

3074.02

13989

80

2.8251e+007

5.7896e+006

24978

23257

20733

24160

378210

137410

20

42743

667.2494

495.0777

245.1220

445.1360

264.1160

445.1356

249.5412

50

10724

1027.6

4257

713.1723

3938.9

626.9194

3916.2

758.3290

80

17283

1247.9

9873.6

1313

8838.2

1357

8454.2

1285.3
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